ABSTRACT. The main result in this paper is the proof of convergence acceleration for a suitable modification (as defined by de Bruin and Jacobsen) in the case of an n-fraction for which the underlying recurrence relation is of Perron-Kreuser type. It is assumed that the characteristic equations for this recurrence relation have only simple roots with differing absolute values.
Introduction and notation.
Modifications of continued fractions have been studied extensively during the past few years by different authors [6, 10, 11, 12, 13] . Recently L. Jacobsen and M. G. de Bruin generalized this concept of modification to n-fractions or generalized continued fractions (GCF's). (For detail the reader is referred to [3] ; the notation used will be that from [3] .)
Let n be a fixed natural number (n > 1). Consider a sequence of complex (n + l)-tuples (bk,ak ,... ,ak'), ak ^ 0. Then the n-fraction associated with this sequence, written as and for i = 1,... ,n ,. s[lHw^,...,w^) = s^(w^,...,w^), SÜHwW,...,«,(»)) = Si1!^,..., a£n)) (* > 2) (if they exist).
Then we have the connection formula (cf. [1] )
From this formula it follows that (6) Akl)/Bk = S{kt](0,...,0) fori=l,...,n,
and we see that the sequence of approximants of the n-fraction (1) may be expressed by the Moebius transforms Sk . So as in the case of ordinary continued fractions, the approximants of the n-fraction (1) may be evaluated by replacing its tails, i.e. (7) converges, we let (fm ,..., Cm ) denote its value. Since the choice of zeros for the tails is a rather arbitrary one (the values of convergent tails converge to zero in exceptional cases only), the concept of modification of an n-fraction is introduced. Given a sequence of n-tuples {(wk ,..., wk )}^i of numbers from C, a modification of (1) is given by the sequence of n-tuples We assume (wk ,..., wk ) to be chosen such that (8) is well defined. It can be seen from our main theorem that for convergent n-fractions and an appropriate choice of the wk the sequence of modified approximants (8) converges to the value of the n-fraction faster than the sequence of ordinary approximants (6) (convergence acceleration is characterized by
For the sequel we will restrict ourselves to the case that the n-fraction converges in Cn. First we shall state a very important theorem in the theory of linear recurrence relations, i.e. the Perron-Kreuser theorem (cf. [4, 7, 8, 9] ), which we shall use in the proof of Theorem I.
The Perron-Kreuser theorem. The recurrence relation
is said to be of Perron-Kreuser type if its coefficients satisfy
where the a¿ are real or complex numbers and sn+2 is defined to be one. The m¿ are real or -oo with mi > -oo; mn+2 is defined to be zero. With such a recurrence relation we can associate a uniquely defined Newton-Puiseux polygon in a rectangular (x, j/)-coordinate system (see Figure 1 ). Let the points po, Pi i • ■ ->Pn+i be defined by x = i,y = mn+2-t (i = 0,.. .,n+l).
Then some of the points po,... ,pn+i are connected with linear segments in such a way that the resulting polygon is concave downwards, each point pt (i = l,...,n) being on or below the resulting figure, po and p"+i being the endpoints of the figure.
If the polygon so constructed has a distinct linear segments, their respective slopes are denoted by ai,..., aa with c*i > a2 > ■ ■ ■ > aa, and their abscissas are denoted by 0 = eo < ei < • • • < eCT = n + 1. It follows that (11) the number of roots, counting their multiplicities, of (13) with absolute value t^ '.
Thus, it follows that
Further, to each simple root u of (13) REMARKS. If ex > ex-i + 1, but none of the points p¿, e\-i < i < ex, lies on the Newton-Puiseux polygon, then all the ex -ex-i roots of (13) From now on we will assume that for every A the roots of (13) Since t¿ _e = sn+2-ex t¿ 0 we also have all |uj| > 0. It is easy to prove that in this case the recurrence relation (lb) has a basis ordered by domination: using (15) we are able to choose for each i -1,... ,n + l a solution {Dk} of (lb) which satisfies (17) \im(Dk%i/ka*Dki)) = ui fori = ex-i + l,...,ex and using (16) we then have
Hence the {Dk} form a basis which is ordered by domination. From [2] follows therefore that the n-fraction connected with these recurrence relations, and all its tails, converge in Cn. From (17) we have
where we have put Vi(k) -kaxUi.
Later on we shall also need the following: Elementary symmetric functions. The elementary symmetric functions for a set of m arbitrary complex numbers xi,... ,xm are defined as 2. Convergence of the values of the tails of an n-fraction. In Theorem I we shall give a result concerning the limit of the tails of an n-fraction, and this for two special types of Perron-Kreuser recurrence relations:
II. ei = 1, ai> a2 = 0.
(Note that using an equivalence transformation (see e.g. [1, 4] ) every recurrence relation of Perron-Kreuser type can be brought into one of these two forms without changing the character of the Newton-Puiseux diagram or the equations (13).)
In our situation these two types of recurrence relations correspond to GCF's with the following properties.
Type Y m-i < 0 for all i, where ro¿ = 0 for i = n + 2 -ei and at least one i > n + 2 -ei, but for no i < n + 2 -ei. by Dk_n' for I = 1,... ,n, then, using (19) and (23) we find
(k-y oo),j = 0,...,n. REMARK. In [3] de Bruin and Jacobsen proved this theorem for limit-1-periodic n-fractions.
As seen from our point of view limit-1-periodic n-fractions are nfractions associated with a Perron-Kreuser recurrence relation of Type I with p = In the tables below values of S{k](0,0) and S{kl)(w^,w^) (Table 1 ) and of the acceleration coefficients
•lÍ,, = (tf)-5Í<)(«(l),«(a)))/(d0-5Í0(0,0)) (Table 2 ) are given. (The acceleration shows up rather late since the constant terms are so large.) PROOF OF THE MAIN THEOREM. The proof given in [3] for the special case mentioned above is still valid, only a few changes have to be made. The proof consists of three steps: 
